Computation of a Feynman integral and some identities of Clausen 
function values. 

Gert Almkvist 

Introduction. 

For the 3- loop tetrahedral Feynman diagram with non- adjacent lines carry- 
ing masses a and h one gets the integral ( see Broadhurst [1] ) 
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the conjecture 

C(l, 1) = 4\/2(CZ2(4a) - Cl2{2a)) 
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Broadhurst also made the conjecture 



where sin(Q;) — ^ and 

sm{nx) 



Ch{x) = - j log(2|sin(|)|)d^^^ 



is the Clausen function. I computed the two integrals ( for a = h = \ )by hand 

and found using the LLL-algorithm the following identities 

Conjecture 1. Let tan(a) = and tan(/3) — \/8 + \/3 Then 

1.1. Cl2{a) + Chi^ -a) + Chil - - ^^2(^ - a) = lCh{^) 

1.2. ChiQa - tt) + Chill + 2a) - 2Cl2{2a) + 2C12{tt - 4a) = 

1.3. ChiTT - 2(3) + Cl2{2(3 - 4a) + ^2(2/5 - 2a) - Cl2{2(3 + 2a - tt) 
-Cl2{2a) - 2Cl2{n - 4a) - 2^2 (tt + 2a) 

1.4. -12^2(2/3 - 2a) + 4C;2(7r - 4a) - 12CT2(7r - 2/3) - ISChin + 2a) + 
7C/2(4a) = 



The first three identities give Broadhurst's value of C(l,l). But I could not 
prove any of the identities. 

In July 1998 I met Broadhurst in Vancouver and he gave me [2] where he 
finds the value of C{a,b) for general a and b and also proves it is correct. 
But I wanted to prove 1.1-1.4 and decided to compute C{a, b) for + b^ < A 
using elementary methods. The result contained 32 different Clausen values. 
Putting a = and 5 = and using the LLL-algorithm I found two general 
relations that specialized to 1.1 and 1.3 when a = b = 1. These two identities 
were easily proved by differentiation. 1.2 follows from an identity in [2] but 1.4 
seems very difficult to prove (it is not a consequence of any general identity I 
found) 



2. Computation of the integrals. 

We start with two Lemmata. 
Lemma 1. If + b'^ > and 

(■ « / a + c . 

oi = 2arctan( ) 

b+y/a'^ + b^-c^ 

a + c 

62 = 2arctan(— , „ ,„ =) 

-b+Va^ + b^ -c^ 

then 



J log(acos(y) + bsm[ip) + c)dip 



= (/3 - a) \ogC^^^) + Ch{52 - /3) - Ch{52 -a) + Ch{5i + a) - Ch{5^+P) 
Proof: We have 

acos{(p) + 6sin((^) + c = 2\/ a? + b"^ ^ ^ ) sin(— !-^^) 

Taking logarithms and integrating we are done. 
Lemma 2: 

/3 



j log(tan(i^) — tan((5))d</? 



= ^ {Ch{2a - 25) - Cl2{2l3 - 25) + Chin - 2a) - Chin - 2f3)}-{(3-a) log(cos(5)) 
Proof: We have 

log(tan((^) — tan((5)) = log(2sin(y> — 6)) — log(2cos(y)) — log(cos(5)) 
Then use 



j log(2cos(v.))rf(/5 = ^ {Chi-K - 2/3) - Chi-K - 2a)} 



Using the partial fraction 



w{w + a) aw w + a 

we get two integrals not containing a 

00 

f dw , , b . 
ii = — ^=arctan/i( , ) 
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tv^ - 2(2 + h) 

WV -|- 52 _ 4 yj^ y;2 _|_ 52 _ 4 
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Put c = \/4 — 6^ and make the substitution 

c 



w = 



sin(y>) 



and use the notation 



sin(Q:i) = 

tan(Q;2) 



2-6 
2 + b 

c 

b 



Then 



2c J ^^ccos{ip)-bsm{ip)' ^ 


= ^ {-Cl2{2ai + 2a2) + Cl2{2ai - 20L2) + 2CZ2(2a2)} 

= 7- {-91 + 92 + 293} 

4c 

Similarly using Lemma 1 and 2 

^ J_ r -C/2(q;2 - ai) + Ch{oi2 + Q!i) - CT2(2a2) - Ch{'K - 2a2) + Chin - ai - 
2c \ -Chin + ai- 0:2) + 2CZ2(a;2) - 2C/2(ai) + 2C/2(7r - 0:2) - 2Cl2{n - ai) 

= ^ {-94 + 95 - 96 - 97 + 98 - 99 + 2gio - 2qn + 2^12 - 2^13} 
We will show that 

/i + /2 = 

Using the duplication formula 

C/2(2a;) = 2C/2(a;) - 2CT2(7r - a;) 

we find 

91 = 2g5 - 2^8 
q2 = 2qg - 2q4 

and also 

93 = 96 
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It follows that h + 12 =0 is equivalent to 

2^4 + 97 - 2^8 - 2^10 + 2gii - 2gi2 + 2gi3 = 

which follows from the following result { a = ai, p = a2 ) 
Theorem 1: Assume sin(a) = tan(^) Then 

Cl2{n-2l3)-2Cl2{l3)-2Cl2{n-j3)+2Cl2{a)+2Cl2{n-a)+2Cl2{p-a)-2Cl2{n-a-l3) = 

Proof: Since ChiTf) = we find that the identity is true when a = (3 = 0. 
Let tan(^) = t and consider a and /3 as functions of t. We have 

-CT2(a)=-log(2sin(-)) 
— C;2(7r -a)= log(cos(-)) 

Let LHS = f{t). Then 

-2^ = |-2 log(2 cos(/3)) - 2 log(2 sin(|)) + 2 log(2 cos(^))| f}' 

+ {21og(2sin(|)) - 21og(2cos(|))} a' + 2 log(2sin(^ ))(/?' - a') 
+21og(2cos(^))(/3' + a') 



sm(§)cos(/3) cos(f)sm{i^) 
Using tan(^) = < we obtain 



cos(a) = ^ 

. / X 2i 
sm(a) = tan(— ) = 



cos(/3) = 
sin(/J) 



2^ l + 

1 + 6*2 + ^4 

4f(l + i2) 



Then 



1 + 6*2 + i4 

2cos(|)sin(^)cos(^) _ sin(/?) - sin(a) 
sin(|)cos(/3) tan(f )cos(/3) 

4t(l+t'') _ 2t 

_ 1+6*2+44 l+t2 _ ^ 



2t (l-t^)^ 

T+F 1+6*2 +t* 
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Similarly 



Hence ^7 = and since 



sin(f)cos(^) 
cos(f)sin(^) 

/(O) = we have f{t) = 



CoroUarium (Conjecture 1.1): Assume sin(a) = Then 

TT 27r 7 27r 

Chia) + Chin -a) + Chi- " ") " " «) = l^^^^^Y^ 



Proof: We get 



tan(-) = sin(a) = — 



and hence /3 = |. Using CZ2(f ) = |C/2(^) and the Theorem we get the 
wanted result. 



Since h + 12 =0 we get 



C{a,b) = ^{h + h} 



where 



00 

13= / arctan/t( =) 



2+b 
2+b 



2 

In 73 we substitute 



Ia = / , arctann,( ) 

J (w + a)vw'^ — wyw —c^ 



1 

t« + a = — 

u 



Let 

p = a + 6 + 2 



d = y'4 - a2 - 62 

Then we get 

i/p 

f du , , bu . 

h = I I „ ^ arctan/il , „ „ ) 







"4 

1 /"^ ,(iccos(</7) + 6csin((y9) — a6, ^ 
2(i y dccos((p) — 6csin((/j) + a6 



as 
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after the substitution 



where 



Let 



csin((^) — a 



sin(a3) = - 
c 

. , , a cP 
sin(a4} = — I 

c cp 



cd — ab 

^'=^^'''''''^2dTb^^ 

c « ,cd — ab. 

02 = zarctani-— — — ) 
2d — be 

S3 = 2 arctan( ^'^ 

2d — be 

c ^ ,ed+ ab^ 

5, = 2arctan(^^) 



Using Lemma 2 we obtain 

1 / 012(62 -a4) -012(62- as) +Cl2iSi+a3)-Cl2{5i+ai) 



2d \ -012(64 - a^) + 012(64 - as) - 012(63 + as) + 012(63 + 04) 

= -^{ri - r2 + rs - r4 - r5 + re - rr + rg} 
Finally we substitute 

eu = w + \/ — (? 



to get 



where 



M2 

1 /■ du , - P , 

.2 _ 2 + 6 
^ 2-6 

wi = / 



U2 = f + 



2b 



Then put 



2-6 
rftan(<^) — a 



to get 



' ~ ^ i c2/^(tan(^) - ^)(tan(^) - ^) ^''^ 
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where 



tan(a6) = ^ 



Define 



tanfay) = ; 

a 

6r = arctan(^) 

a + H-2 
og = arctan( ) = ag 

^9 = arctan(^^ — ^ — -) 

510 = arctan( -j-^ — ) 

511 = arctaii( ^ ^ ) 

Using Lemma 2 wc get (all logarithms cancel) 

. ( 2Cl2{2ae - 2S7) - 2^2(207 - 257) - C?2(2a7 - 258) + C;2(2a6 - 2(^9) 
h = — { ~Cl2{2ar - 2S9) - Cl2{2ae - 2Sw) + Ch{2aQ - 25n) + CT2(2a7 - 2aii) 
\ +2Cl2{n - 2a6) - 2Cl2{n - 2a7) 

= ^ {2r9 - 2rio - ni + '"12 - ^"13 - ru + ^15 - rig + nr + 2ris - 2rig} 

Using LLL on {ri, r2, ri9} with the special values a = ^ and 6 = i we 
found 

r2 = rg 

r-5 = rn 
n = -ri3 

n = ri5 
r-8 = -r\7 

re = ri8 

These identities are valid for all a and b such that + < 4. They are 
not trivial. E.g. = rn says that 

-(^4 - 04) = ar - 6s. 

which is equivalent to (after taking tan on both sides) 

, ab+cd pc—du 

dU _ 2d+bc d'^+ap 



n"^ -1- (p -I- nu ^ J- {ab+cd){pc-du) 
^ {2d+bc){d^+ap) 
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where 

d= \J^-a^- &2 
p = a + 6 + 2 

u = + 46 

Maple verifies this identity and the other relations as well. Using these identities 
we reduce /s + 74 to eleven Clausen values. In order to simpliiy this and to 
get the same answer as Broadhurst got in [2] we have to introduce some more 
notation. Let 

(p = arctan(— j 
P 

= arctan(-) 

,d 

= arctan( — j 

S3 = Cl2{2<f>^-2^) 

Si = Cl2{24>b-2(t>) 
S5 = Ch{2(l>, + 20, - 4</)) 

56 = CT2(20J 

57 = Cl2{2c^,) 

S8=Cl2{2c^) 

Then Broadhurst 's result is 

2d(/3 + I4) = si + S2 + ss + S4- S5 - se - sr - sg 

Comparing with our value for this is equivalent to the following identities 

found by LLL 

-2rio - 2rii - ru + 2ri5 - 2rig - si + se + 4s8 = 

rs = S4 
r-7 = -S2 

rg = S3 
ri2 = -S7 

Tie = S5 

ri8 = S8 
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The last six of these follow from 



TT 



"6=2"^ 

(53 = 2(/> - - 2(/>b + — 

^7 = I - (Aa 
<5q = -C' ' 



2 

TT 

2 

which are easily verified by Maple. It remains to prove the first identity. It 
follows from the following result. 
Proposition 1: Let 

d = ^4 - a2 - 62 

p = a + 6 + 2 



7 = arctan( ) 

= arctan(-) 
P 

(j)^ = arctan(-) 

Then 

2CZ2 (27 + 2(/)„ - tt) + 2CZ2 (27 + 2<?i - tt) + CZa (20„ - 40) - 2CZ2 (27 - 2^ + 2^„ - tt) 

+2C7Z2(7r - 27) + Chm) - C/2(2(AJ - 4C7Z2(2(/)) = 
Proof: consider the left hand side as a function f{a, h). Differentiating we 

get 

-2df = 41og(2sin(7 + <A„ - |))(d7 + #J + 41og(2sin(7 + - |))(d7 + #) 

2 log(2 sin(0„ - 20))(d</.„ - 2#) - 4 log(2 sin(7 - </> + <A„ - |))((i7 - # + #J 
-4 log(2 sin(|-7))rf7+41og(2 sin(2,^))#-2 log(2 sin(0J)#„-8 log(2 sin(,^))# 

= 41og(""^? + '^°-^^""^^ + '^-^^rf7 
sm (7-(?i + 0„- f)sm(0„) 



9 



sm (7-<?!. + (/)„-f)sin(0„) 



sin(7 + </> - f ) sin(7 - ^ + ^„ - f ) sin(20) 
sin(0a - 20) sm (0) 
= 41og(ri)(i7 + 2 log(T2)d(/.„ + 41og(T3)d</. = 
since Ti = T2 = T;} = 1. We show that T3 = 1 which is equivalent to 

cos(7 + (/)) cos(7 + — 0) sin(20) = sin(</)jj — 2(j)) sm^{(j)) 

if and only if 

2(1 — tan(7) tan(0))(l — tan(7) tan((^^) + ta,n{^) tan(7) + tan(0) tan(0^)) 

= tan(0)(l +tan2(7))(tan((^„)(l - tan2(0)) - 2tan((^)) 
if and only if 



2p\/2&2 + 46(/ - rf^ - 2ap + (6 + 2)y/2b^ + 4b) 



= - d2 _ 2ap)(d2 +p^ + 2b^ +4b + 23J ^262 + 46) 

which is easily verified. Similarly one verifies that Ti = T2 = 1. Hence df = 
which means that /(a, 6) is constant. Putting a = b = we get d = 2, p = 2, 
7 = 0=1,,/,^ = 1 which gives /(0,0) = 0. It follows that f{a,b) = and 
the proof is finished. 

Corollary: We have if + 6^ < 4 

r(n b\ - 8 r ^2(40) + + 2^, - 20) + ^2(20, - 20) + Cl2{2cP, - 

^ ' ^ ab^4-a^-b^ I -C/2(20„ + 20, - 40) - C/2(20J - C/2(20,) - CW) 

Proposition 2: We have 

2C/2(20) - 4CT2(20fc) + C;2(40fc) + 2^2(205 - 20) - 2C/2(20„ - 20) 

+CT2(20„, - 40) + 2C/2(20„ + 20, - 20) - C/2(20, + 40, - 40) = 
Proof: Let /(a, b) be the LHS. DifForcntiating wc get 

df = i log( ~ '^^ ^^'^i'l^a + 20fc - 20) , 

sin(0, - 0) sin(0^ - 20) sin(0„ + 0,-0) 



+21og( Bin(0.-20)sin2(0, + 0,-^, 
^'sin2(0,-0)sin(0, + 20,-20)' 
sin(20,) sin(0, — 0) sin( 

sin2(0,)sin(0„ + 20, - 20) 

since all logarithms are zero (checked by Maple). Since /(0,0) = we have 
fia,b) = 0. 



I llog( "^^H^b - "^^H^g -r - v^; ^^^^ _ ^ 
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CoroUarium 1: Identity 1.2 is true. 

Proof: Put a = 6 = 1 in Proposition 2. Let a — arctan(-^). Then 
(f) — ^ — 2a and (p^ ^ (pj^ = ^ — a . Inserting this into Proposition 2 we obtain 

2CL2{-K - 4a) - AChi-K - 2a) - Chi^a) + Chi^a + tt) - Chiir + 2a) = 

Using the dupHcation formula 

CT2(4a) = 2(7^2 (2a) - 2C;2(7r - 2a) 

we get 1.2 

CoroUarium 2. Identity 1.3 is true 

Proof: With a — b =^ \ in Proposition 1 we have tan(7) = ^JS + . 
Hence 7 = /? in 1.3. Proposition 1 gives 

2CI2 (2/3 - 2a) + 2CI2 (2/3 - 4a) + Ch (6a -tt)- 2CZ2 (2/3 + 2a - tt) + 2CI2 (tt - 2/3) 

+C12{2tt - 8a) - ChiiT - 2a) - iChin - 4a) = 

Using 1.2 for CZ2(6a — tt) and the duplication formula for CZ2(8a) we obtain 
1.3 
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Appendix. Proof of an identity found by Broadhurst 

Let sin(a) — ^. Then Broadhurst in [1] found the following identity using 
PSLQ 

4V2(CT2(4a)-CT2(2a)) 



3n 



111 00 

n—O ^ ^ n—1 

where 

n 
k=l 

We will prove this here using several formulas for the dilogarithm 



Li2ix) = 



X" 



n 

n=l 



We start by quoting some formulas in Lcwin [2] pp.244 
Lemma 1 
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1.1. ^ 

Li2{x) + Li2{-x) = -Li2{x'^) 

1.2. 

X 1 
Li2{x) + Li2{— ) = -- log2(l - x) 

J. X ^ 



1.3. 



Li2i-^) - Li2{-x) = ^-\ log(l + x) log(^i±^) 
\ -\- x o 2 -^^ 



1.4.(Abcl) 



Li2{-^--^) = Li2i-^)+Li2{-^)-Li2{x)-Li2{y)-log{l-x) log(l-2/) 
1 — xl — y 1 — y 1 — X 



1.5. 



Li2ix) + Li2{l ~ 2;) = Y - log(a;) log(l - x) 



Lemma 2. We have 

00 rr 

, 2n + l 

i 1^ log'(l - ^) - ^ V(l + z) + log(2) log([^) + Lz2{^) - Lt2{^) 
Proof: We have by [3], p.715 

2n log(l - 



n=l 

Integrate 



1-X2 



00 ^ 



AfOl 

and we are done by formula 3.2 p. 266 in Lewin [2] 

log(a + 6t) 



/ 



c + et 




-dt 



,ae — bc, ,c + ex. ,h{c+ex). ^. , be 
log( log( ) - Lt2{^ ) + Lt2{- 



e c be — ae be — ae 



Proof of Broadhurst's identity. 

Introduce the notation 

^=2(^+71^ 
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1 

i 

' = -8 

Then we want to compute 

CT2(4a) - Cl2{2a) = Im(Li2(u*) - Li2{u'^)) 
In Abel's identity (Lemma 1.4) we have 

X V . X ^ y 1 

1 — x i- — y l~y 1 — x l + z 

and hence 

(2.1) Li2{u^) = Li2{l -z) + Li2{j^J - Li2{x) - Li2{\) + log(2) log(l - x) 
By Lemma 1.5 and 1.3 we get 

(2.2) Li2(l -z) = -Li2{z) + ^ - i log(z) log(l - z) 

(2.3) U2{^) = U2{-z) + ^ - i log(l + z) \og{^) 
Adding (2.1), (2.2) and (2.3) we obtain 

(2.4) Li2{u') = Li2{z) - Li2{z) - Li2{x) + ^ - Li2{^) + log(2) log(l - x) 
- log(z) log(l - z) - i log(l + z) log(iJ^) 

By Lemma 1.2 and 1.1 

(2.5) Li2{x) + Li2i-u^) = -i log2(l - x) 

(2.6) Li2iu^) + Li2{-u^) - ^Li2{u^) 

(2.7) Li2{u'^) = 2Li2{u^) - 2Li2{x) - log^(l - x) 
Adding (2.4) and (2.7) gives 

(2.8) Li2{u'^) - Li2iu^) = Li2{z) - Li2{z) - 3Li2{x) + ^ - Li2{^) + 
log(2) log(l -x)- log^(l - x) 

- log(z) log(l - z) - i log(l + z) log(i^) 

We want 

(2.9) Im(Li2(u4) - Li2iu^)) = \iLi2{z) - Li2{z)) - |(Lz2(x) - Li2{x)) 

+ Im {log(2) log(l -x)- log'(l -x)- \og{z) log(l - z) - \ log(l + z) \og{^)} 

We get 
and using Lemma 2 

i(LZ2(x) - LZ2(^)) = ^{U2{^) - U2{^)) 

= _£ y ^ 1 _ Lz2(i±^)l + log(i^) 

i^2n+l 4i\ 2 ^ 2 ' \ 2i ^^l + z' 
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V8 



1 



n=l 



E 



oo 



2n+l 



H, 



n 




8' V8 



9, , log(2) 



E 



OO 



2n + l 



1 




Putting everything together we obtain Broadhurst's formula (all logarithms can- 
cel). 
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